For a positive integer k and a graph G, the k-colour graph of G, C k (G), is the graph that has the proper k-vertex-colourings of G as its vertex set, and two k-colourings are joined by an edge in C k (G) if they differ in colour on just one vertex of G. In this note some results on the connectivity of C k (G) are proved. In particular it is shown that if G has chromatic number k ∈ {2, 3}, then C k (G) is not connected. On the other hand, for k ≥ 4 there are graphs with chromatic number k for which C k (G) is not connected, and there are k-chromatic graphs for which C k (G) is connected.
Introduction
Throughout this note a graph is finite, simple and loopless. Most of our terminology and notation will be standard and can be found in any textbook on graph theory such as, for example, [1] . For a positive integer k and a graph G, we define the k-colour graph of G, denoted C k (G), as the graph that has the proper k-vertex-colourings of G as its vertex set, and two k-colourings are joined by an edge in C k (G) if they differ in colour on just one vertex of G. In this note, we give some first results concerning the following question : given a graph G and a positive integer k, is C k (G) connected?
This question has been looked at, in a certain sense, in the theoretical physics community when studying the Glauber dynamics of an anti-ferromagnetic Potts model at zero temperature. Associated with that research is the work on rapid mixing of Markov chains related to what we call the k-colour graph, in order to obtain efficient algorithms for almost uniform sampling of k-colourings of a graph. See, for instance, [3, 4] and references in those. But most of the work in those areas has concentrated on specific graphs such as finite parts of integer grids, or for values of k for which the connectedness of the k-colour graph was guaranteed. In this note we are interested in what can be said for general graphs and for small values of k.
A different colour graph, in which two k-colourings are adjacent if one can be obtained from the other by swapping the colours in a so-called Kempe chain ( i.e., a connected component of the subgraph induced by the vertices coloured with one of two colours ) has been considered in [6] . Note that our k-colour graph is a subgraph of this Kempe chain colour graph.
We will use α, β, . . . to denote specific colourings. We say that G is k-mixing if C k (G) is connected, and, having defined the colourings as vertices of C k (G), the meaning of, for example, the path between two colourings should be clear. We assume throughout that k ≥ χ(G) and that any k-colouring uses the colours {1, . . . , k}.
If G has a k-colouring α, then we say that we can recolour G with β if αβ is an edge of C k (G); and if v is the unique vertex on which α and β differ, then we also say that we can recolour v. Given a k-colouring α, a colour is available for a vertex v if neither v nor any of its neighbours are assigned that colour.
In the next section we look for values of k that guarantee k-mixing; we obtain bounds in terms of the chromatic number, the maximum degree and the colouring number ( also known as degeneracy or maximin degree ). We also show that there exist graphs G for which k-mixing is not monotone, i.e., for which there exist numbers k 1 < k 2 so that G is k 2 -mixing but not k 1 -mixing.
In the two following sections we look at the case
On the other hand, for all k ≥ 4 there are graphs with chromatic number k that are not k-mixing and graphs with chromatic number k that are k-mixing.
The results from the earlier sections make it possible to characterise all positive integers L and sets P with min P ≥ L such that there exist graphs G with χ(G) = L that are k-mixing if and only if k / ∈ P . This result can be found in the final section.
First results on mixing
One might expect that if k is sufficiently large compared to the chromatic number of a graph, then the graph will be k-mixing. We first show that no such result is possible. 
Property 1
There is no expression ϕ(χ) in terms of the chromatic number χ, so that for all graphs G and
From now on we will use the term frozen for a k-colouring of a graph G that forms an isolated node in the k-colour graph. For k ≥ 2, the existence of frozen k-colourings of a graph will immediately imply that the graph is not k-mixing.
The graphs L m have more interesting properties : they are k-mixing for all 3 ≤ k ≤ m − 1. To see this, consider a k-colouring of L m with 3 ≤ k ≤ m − 1, and suppose L m has bipartition {X, Y }. Since X contains m vertices, there is at least one colour c 1 that appears on more than one vertex of X. But that means that no vertex in Y has been coloured with c 1 . Hence it is possible to recolour all vertices in X with this colour c 1 . Once that is done, we can choose a second colour c 2 = c 1 and recolour every vertex in Y with c 2 . This way we have shown that any k-colouring of L m is connected to some 2-colouring of L m . It is an easy exercise to show
If we colour L m with k ≥ m + 1 colours, then we again have that a certain colour is not used on Y . So, by a similar argument to the case above, it follows that C k (L m ) is connected for k ≥ m + 1. We summarise the properties of the graphs L m .
Property 2
Recall that the colouring number col(G) of a graph G ( which is also known as the degeneracy or the maximin degree ) is defined as the largest minimum degree of any subgraph of G. That is, col(G) = max
H⊆G δ(H).
The following result is stated in [2] with the lower bound one larger, although the proof in [2] is essentially the proof we give below.
Theorem 3 For any graph G and integer
Proof : We use induction on the number of vertices of G. The result is obviously true for the graph with one vertex. So suppose G has two or more vertices. Let v be a vertex with
Take two k-colourings α and β of G, and let α , β be the k-colourings of G induced by α, β.
and γ i differ in the colour of exactly one vertex of G . Denote this vertex by v i and denote the new colour γ i (v i ) by c i . We now try to take the same recolouring steps to recolour G, starting from α. If for some i it is not possible to recolour vertex v i , this must be because v i is adjacent to v and v at that moment has the colour c i . But because v has degree at most col(G) ≤ k − 2, there is a colour c = c i that does not appear on any of the neighbours of v. Hence we can first recolour v to c, and then continue with recolouring v i to c i and move on.
In this way we find a sequence of k-colourings of G, starting at α, and ending in a colouring in which all the vertices except possibly v will have the same colour as in β. But then, if necessary, we can also recolour v to give it the colour from β. This gives a path between α and β in C k (G), completing the proof.
2
Since the maximum degree ∆(G) of a graph G is at most the colouring number col(G), Theorem 3 immediately means that for k ≥ ∆(G) + 2, C k (G) is connected. It is believed that the Glauber dynamics Markov chain is rapidly mixing for ∆(G) + 2 or more colours, [3] . The best known lower bound on the number of colours needed for rapid mixing is 11 5 ∆(G), [7] . Note that the expressions in terms of the colouring number cannot guarantee rapid mixing of the Glauber dynamics Markov chain. For instance, the stars K 1,m have colouring number col(K 1,m ) = 1. But it is shown in [5] 
There are many graphs that show the bound in Theorem 3 is best possible. For instance the graphs L m defined at the beginning of this section have col(L m ) = m − 1 and are not m-mixing. Even simpler, the complete graphs K n have col(K n ) = n − 1, but are not n-mixing since every n-colouring of a complete graph is a frozen colouring.
Graphs with chromatic number 2 or 3
We briefly consider the case of graphs with chromatic number 2 -that is, bipartite graphs with at least one edge. A graph that has chromatic number 2 and is connected has just two frozen 2-colourings. In general, if χ(G) = 2, then there is a path between a pair of 2-colourings of G if and only if they agree on every connected component that contains more than one vertex. It is an easy exercise to show that if G is a bipartite graph with p isolated vertices and q other connected components, then C 2 (G) has 2 q connected components, each of which is a p-dimensional cube.
In the remainder of this section, we consider graphs with chromatic number 3. We first present Lemma 4 that describes how we might be able to recognise that two 3-colourings of a graph are not connected by looking only at the colours of vertices that lie on a cycle. We use this to prove that 3-chromatic graphs are not 3-mixing.
To orient a cycle means to orient each edge on the cycle so that a directed cycle is obtained. If C is a cycle, then by − → C we denote the cycle with one of the two possible orientations. Given a 3-colouring α, the weight of an edge e = uv oriented from u to v is
The weight W ( − → C , α) of an oriented cycle − → C is the sum of the weights of its oriented edges.
Lemma 4 Let α and β be 3-colourings of a graph G that contains a cycle C. Then if α and β are in the same component of
We note that the converse is not true. Given a 3-colouring of an oriented 3-cycle, obtain a second colouring by changing the colour on each vertex to that of its unique out-neighbour in the original colouring. The two colourings are not connected -they are both frozenbut the weight of the cycle is the same for each.
Proof of Lemma 4 : Let α and α be 3-colourings of G that are adjacent in C 3 (G). And suppose the two 3-colourings differ on vertex v. If v is not on C, then we certainly have
If v is a vertex of C, then its two neighbours on C must have the same colour in α ( otherwise we wouldn't be able to recolour v ). If 
Lemma 5 Let α be a 3-colouring of a graph G that contains a cycle
Proof : Let β be the 3-colouring of G obtained by setting for each vertex v of G :
It is easy to check that for each edge e in C, w( e, α) = −w( e, β), which gives W (
, and so, by Lemma 4, α and β belong to different components of C 3 (G).
Theorem 6
Let G be a graph with chromatic number 3. Then C 3 (G) is not connected.
Proof : As G has chromatic number 3, it is not bipartite and hence contains a cycle C of odd length. Let α be a 3-colouring of G, and note that as the weight of each edge in − → C is +1 or −1, W ( − → C , α) = 0. We are done by Lemma 5. 2
For an even cycle C 2m with 2 m ≥ 6, it is easy to construct a 3-colouring α of C 2m so that
( Use the colour pattern 1, 2, 3, 1, 2, 3, . . . as long as possible -making sure that the final vertices are properly coloured. ) By Lemma 5 we can conclude that for all even 2 m ≥ 6, the cycle C 2m is not 3-mixing.
We leave it to the reader to check that the 4-cycle C 4 is the only cycle that is 3-mixing.
Graphs with chromatic number at least 4
For any k ≥ 4, it is easy to find graphs with chromatic number k that are not k-mixing; for example, K k or any k-chromatic graph that contains it as an induced subgraph. In this section, we show that, in contrast to the results of the previous section on graphs with chromatic number 2 or 3, for k ≥ 4, there exist graphs with chromatic number k that are k-mixing. We remark that H m is obtained from two copies of K m using Hajos' construction; see, for example, [1] . This implies that H m has chromatic number m and, moreover, that it is m-critical. ( Removing any vertex or edge from H m will lead to a graph with chromatic number less than m. )
In this section we will prove the following properties of H m .
Property 7
For m ≥ 4, the graph H m is an m-chromatic graph that is k-mixing for all k ≥ m. 
The fact that

Graphs that are mixing only for permitted values
In this section we use some results from the previous sections to prove the following.
Theorem 12
Let L ≥ 2 be an integer, and P a set of integers, with min P ≥ L if P = ∅. 
